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abstract: We present some methods for constructing connected spatial
geometric configurations (pq, nk) of points and lines, preserved by the same
rotations (and reflections) of Euclidean space E3 as the chosen Platonic solid.
In this paper we are primarily interested in balanced configurations (n3), (n4)
and (n5), but also in unbalanced configurations (p3, n4), (p3, n5) and (p4, n5).
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1 Basic notions, formulation of the problem
Platonic configurations are "configurations with the symmetries of a given
Platonic solid". Before giving a precise definition of this concept we briefly
review the concepts of configurations and their symmetries. Basic notions,
recent results and wider context of configurations are explained in the books
[7] and [8]. In this section we explain the terminology and notation we use
in this paper.
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E-mail addresses: jurij.kovic@siol.net (Jurij Kovič), aleks.simonic@gmail.com (Alek-
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An incidence structure consists of "points", "blocks", and "incidences" be-
tween them (given by a 0-1 matrix or by a bipartite graph). A configuration
satisfies an additional condition: no two blocks are both incident to more
than one common point and every point is incident to at least two blocks.
We distinguish between abstract (or combinatorial) configurations and geo-
metric configurations. A combinatorial configuration X is completely deter-
mined by the incidences of its points and lines. A geometric configuration
Y = Y (X) (called also a geometric realisation of X) consists of points and
(straight) lines in the Euclidean space E3. Points incident with q lines are
called q-valent, and likewise k-valent lines are lines incident with k points.
For denoting configurations we use the same notation as Grünbaum in [7].
Let (pq, nk) be a configuration of p q-valent points and n k-valent lines; it is
called also a (q, k)-configuration; if p = n and q = k, it is called a balanced
configuration and denoted simply as (nk); it is called also a k-configuration.
Thus, a configuration (nk) consists of n points and n lines, each point being
incident with k lines and each line incident with k points. For a configura-
tion containing p1, p2, p3 . . . points of valence q1, q2, q3 . . ., respectively, and
n1, n2, n3 . . . lines of valence k1, k2, k3 . . ., respectively, we use the natural
generalization of this notation, as in the configuration (64123, 154) shown in
Figure 1.
Figure 1. A configuration (64123, 154) having 6 points of valence 4, 12
points of valence 3 and 15 lines of valence 4.
We are especially interested in symmetrical configurations. Symmetry (or,
more precisely En-symmetry) of any combinatorial object X (e.g. solid, con-
figuration, graph, etc.), geometrically realised as Y = Y (X) in the Euclidean
space En, is an isometry (rotation or reflection) of the Euclidean space En
preserving Y . The (full) symmetry group Sym(Y ) of Y = Y (X) ⊂ En con-
sists of all the rotations and reflections of the Euclidean space En preserving
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Y ; it is a subgroup of the group of automorphisms Aut(X) of the correspond-
ing X. The (rotational) symmetry group SymR(Y ) of Y = Y (X) ⊂ En
consists of all the rotations of the Euclidean space En preserving Y .
Symmetries depend both on X and on the geometry of the space (its di-
mension n and its type – Euclidean, projective, etc.) in which X is embedded
as a geometrical object Y = Y (X). The number of symmetries may increase
when the dimension n of the space En in which X is embedded n increases.
Various tools and techniques have been used to construct symmetrical
planar geometric configurations (nk) of points and lines (e. g. see [2, 3]). It
is well known that a planar geometric configuration Y = Y (X) ⊂ E2 may
have only "cyclical" or "dihedral" symmetry. However, the same underlying
configuration X, which has a planar realisation Y = Y (X), may have (and
reveal) more (hidden) symmetries, if it is realised as a spatial configuration
Z = Z(X) in some higher-dimensional space. Recently some authors started
to investigate spatial configurations and symmetrical configurations more
systematically (e.g. [4, 6]). For example, Gábor Gévay constructed a (1004)
configuration with the symmetry of a right pentagonal prism ([8], p. 249).
The aim of this paper is to show how to construct spatial configurations
Z ⊂ E3 of points and lines having the same symmetries as the chosen Platonic
solid P . Such configurations we call Platonic configurations.
Definition 1 A Platonic configuration is a geometric configuration Z ⊂ E3
with symmetries of a Platonic solid P ∈ {T, C, O, D, I}. A "full" Platonic
configuration Z is preserved by all rotations and reflections of E3 preserving
P , thus Sym(Z) = Sym(P ). A "rotational" Platonic configurations Z is pre-
served only by rotational symmetries of P , thus: Sym(Z) = SymR(P ). For
any P ∈ {T, C, O, D, I} let P (pq, nk) and PR(pq, nk), respectively, denote the
classes of "full" and "rotational" (pq, nk) Platonic configurations, respectively.
For example, the configurations obtained from the skeletons (vertices and
edges) of the five Platonic solids T, C, O, D, I, respectively, belong to the
classes: T (43), C(83, 122), O(64, 122), D(203, 302), I(125, 302), respectively.
Now we can formulate the problem, on which we focus in this paper:
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Problem 1 For each of the five Platonic solids P construct examples of
connected Platonic configurations Z ∈ P (pq, nk) and Z ∈ PR(pq, nk) of points
and lines, such that 3 ≤ q ≤ k ≤ 5.
In other words, we are looking for Platonic configurations of the following
six valence-types: (n3), (n4), (n5), (p3, n4), (p3, n5), (p4, n5). Our problem
splits into 5× 6× 2 = 60 cases (there are 5 Platonic solids, 6 classes of con-
figurations, and 2 types of Platonic configurations - "full" and "rotational").
In section 2 we present some methods for solving this problem. Using
them, we may produce as many of Platonic (or even more general polyhedral)
configurations as we want, and in many different ways as well.
The first idea how to construct a Platonic configuration is 1) to place a
copy of some smaller configuration A "symetrically" around (or inside) a cho-
sen Platonic solid P (or around its "concentric copies") and 2) to use some
additional lines and points (again placed "symmetrically" with respect to P )
to link these building blocks in such a way that we obtain a connected, sym-
metrical and balanced configuration Z of the desired "target class" (pq, nk).
This idea is explained in more detail in Algorithm 1. Note that the "sym-
metrical places" (in which the identical copies of A may be placed) may be
the faces, edges, vertices, diagonal or axes of P (and this list may still be not
complete!), as it is shown in the examples in section 3.
In section 3 we give examples of Platonic configurations. Some of them
are presented in the form of problems (with solutions), whose purpose is to
help the reader to get the idea how to construct more examples of Platonic
configurations.
Most of the constructions may be used to produce infinite families of
examples and may be easily generalised into theorems. But to make the
constructions easier to understand we use the approach "from bottom up",
with concrete examples and their visual representation.
In the last section we present some open problems.
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2 How to construct Platonic configurations
To find examples of each class P (pq, nk) with p as little as possible (the
minimal Platonic configurations of the given class) we always try first to
find example of a 1-layer Platonic configuration Z whose points all lie on the
boundary of a chosen Platonic solid P . But sometimes the points of Z lie
on the faces of s "concentric copies" of P , projected radially from the central
point (centroid) of P ; such Z are called s-layer Platonic configurations.
In most of the examples in this paper the points of Platonic configurations
are placed into vertices (represented as yellow points in the Figures), edges
(red points) or faces (blue points) of a given Platonic solid (or of its concentric
copies). The concepts of single-layer and multi-layer Platonic configurations
are useful also for classification purposes.
However, the subdivision of points of a Platonic configuration Z into lay-
ers is not always the most appropriate description of their position in space.
For example, some points of Z may lie in a plane determined by two axes of
P . Such configurations we call spider-web configurations. Another interest-
ing class are helical configurations, whose points and lines form (double or
multiple) "helices" along each edge of a solid.
To construct examples of connected Platonic configurations we combine
some known methods with some new ones. Our approach is based on the very
general idea (admitting many variations) of connecting isomorphic copies of
some initial (planar) configuration A, placed "symmetrically" around the solid
P . The idea of obtaining bigger configurations by linking together small iso-
morphic building blocks has been explored by various authors, e.g. in [3].
Our approach of connecting smaller configurations using additional points
and lines to obtain connected bigger configurations may be regarded also as
the dual concept of the "splittable configurations" studied in [1]. The idea of
systematically constructing (q′, k′)-configurations from (q, k)-configurations,
where q′ ≤ q and k′ ≤ k, has been used e.g. in [5]. Grünbaum developed
an incidence calculus (see [8], pp. 243–263), composed of various operations
on configurations (e.g. "parallel shift" connecting copies of the same config-
uration with parallel lines, or connecting copies of the same configuration,
projected from some point, using lines through the projecting point, etc.).
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The idea to construct symmetric spatial configurations from polyhedra has
been explored in [6]. In [8], pp. 252–255, the Grey configuration (273) is
represented as a spatial geometric configurations with 3× 3× 3 points in the
form of a cube, and the generalized Grey configuration (2564) is represented
by four copies of cube with 4 × 4 × 4 points, connected via parallel shift.
Instead of parallel shift we will use "radial projection" and "antipodal lines"
(as explained in Algorithm 1 below).
We will use the “vector” notation P = (v, e, f, d, m) for the polyhedron P
with v vertices of valence d, with e edges and f m-gonal faces. Thus we have
the following parameters for the five Platonic solids:
v e f d m
tetrahedron 4 6 4 3 3
cube 8 12 6 3 4
octahedron 6 12 8 4 3
dodecahedron 20 30 12 3 5
icosahedron 12 30 20 5 3
Table 1: Parameters of Platonic solids.
To construct an example of a Platonic configuration Z ∈ (pq, nk) with
the symmetry group of the Platonic solid P = (v, e, f, d, m) the following
general procedure may be applied (at least for the cases k = 3, 4 and 5 and
3 ≤ q ≤ k):
Algorithm 1 Step 1. Start with a planar configuration A with a cyclical
Cm or dihedral Dm symmetry; all of its lines must have valence k and each
of its vertices must have a valence at most k.
Step 2. Place a copy of A on each of its f faces P "symmetrically" – in
such a way that the symmetries of P preserve also B = fA (the set of copies
of A).
Step 3. Identifying some points of different copies of A or connecting
them "in a symmetrical way" try to get a connected configuration Bc with the
symmetries of P .
Step 4. If necessary, adding new points and lines increase the valences of
points to get a desired configuration Z ∈ (pq, nk).
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Remark 1 In Step 2 you obtain a configuration B = fA which may not be
connected, but has the desired symmetry group Sym(P ) or SymR(P ) of P .
Note that if you (in Step 3) identify a 1-valent point of A with a vertex of P ,
its valence increases to d. If you connect all the 1-valent points of each copy
of A with different points on the interiors of the edges of a given face, all
these edge points have valence at least 2 (since each edge of P is incident to
two faces) and at most 3 (this happens if the edges of P are included among
the lines of the configuration Bc).
Step 4 may be divided into substeps (for example, we first increase the valence
of 3-valent points to 4, then to 5, always taking care that the symmetry of P
is preserved). For the added lines we may usually use lines perpendicular to
faces, or axes of P , or diagonals of P . Sometimes we use lines connecting
pairs of antipodal points of Bc, or lines of the radial projection from the center
of P connecting points in the concentric copies of Bc, as symbolically shown
in Figure 2; in such cases we get multi-layer configurations.
Figure 2. Radial projection from the center of P through the concentric
copies of P increases the valences of those points, which are connected
either by “radial rays” (left) or by “antipodal lines” (right), by 1.
Although we use the same general procedure (described in Algorithm 1)
for all the five Platonic solids, and in some cases (subproblems of Problem 1)
there are "universal" constructions (applicable to all the Platonic solids), some
"special" constructions (applicable only to some of them) depend on special
values of their parameters (v, e, f, d, m), as it will be shown by examples in
Section 3.
The following simple calculation helps us to determine the number of
points and lines in a 1-layer Platonic configuration Z.
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Proposition 1 Let Z be a 1-layer Platonic configuration, whose points and
lines all lie on the boundary of the chosen Platonic solid P = (v, e, f, d, m).
Let x, y, z, u, v, respectively, denote the number of points of Z in each vertex
(represented by yellow points in our Figures), in the interior of each edge
(red points) and in the interior of each face (blue points) of P , respectively.
Then x ∈ {0, 1} and the number of points of Z is
p(Z) = xe + ye + zc.
Let u, v, respectively, denote the number of lines of Z incident with each edge
and with each face of P , respectively. Then u ∈ {0, 1} and the number of
lines in Z is
l(Z) = ue + vf.
Thus, for P ∈ {T, C, O, D, I}, respectively, we obtain the formulas:
P p(Z) l(Z)
tetrahedron 4x + 6y + 4z 6u + 4v
cube 8x + 12y + 6z 12u + 6v
octahedron 6x + 12y + 8z 12u + 8v
dodecahedron 20x + 30y + 12z 30u + 12v
icosahedron 12x + 30y + 20z 30u + 20v
Table 2: Numbers of points and lines in a 1-layer Platonic configuration Z.
Remark 2 Similar formulas may be obtained for the numbers of points and
lines of s-layer Platonic configurations whose points and lines lie on s "con-
centric copies" of a Platonic solid P , connected by "radial" or "antipodal"
lines. Note that the number of points in a s-layer configuration s× Z must
be s-times bigger than in Z, but the number of added "radial" (in T ) or
"antipodal" (in C, O, D, I) lines may depend on the number of points whose
valence must be increased (some of the points may already have the desired
valence k). In each construction with s-layer configurations special care must
be devoted to the question which points of Z have their antipodal points in Z
and which points do not have such antipodal points.
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3 Examples of Platonic (nk) configurations
In this section we apply Algorithm 1 to get examples of most of the Platonic
(pq, nk) configurations of points and lines for k = 3, 4 and 5 and 3 ≤ q ≤ k.
For any Platonic solid P ∈ {T, C, O, D, I} let Pk denote the class of all
Platonic configuration (nk) whose group of symmetry is the same as the
full symmetry group of P ; likewise let Pk,R denote the class of all Platonic
configurations (nk) with the rotational symmetry group of P .
Let Cycm denote the class of all (planar) configurations, preserved by the
cyclical group of rotations for the multiples of 2pi
m
and let Dihm denote the
class of all (planar) configurations, preserved by the dihedral group Dm.
Example 1 To construct a Platonic configuration Z ∈ T3,R (with the ro-
tational symmetries of a tetrahedron) place the copies of the planar config-
uration A = (3231, 33) ∈ Cyc3 with 3-fold rotational symmetry (Figure 3
left) on the faces of T . You get a configuration B = 4A, which is not con-
nected, but whose symmetry group is isomorphic to the group SymR(T ), the
group of rotations of T . Place the 1-valent vertices of each copy of A into
vertices of the corresponding face. Now we have a connected configuration
Bc = (43122, 123). To get a balanced configuration Z, we have to increase the
valence of 12 2-valent points in Bc to 3. Take 3 concentric copies of Bc to
get B1 = (123362, 273). Add the 12 lines from the central point of T through
the 12 triples of 2-valent points. Now we have 36 + 12 = 48 3-valent lines
and 12 + 36 = 48 3-valent points. Hence we solved the problem of finding (a
3-layer) Z ∈ T3,R for n = 48.
Figure 3. Construction of two tetrahedral Platonic configurations. The
valence of 1-valent points, placed into m-valent vertices, increases to m.
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Problem 2 To construct a Platonic configuration Z ∈ T3 of points and lines
with the full symmetry group of the tetrahedron T .
Solution. Subdivide baricentricaly each face of T by the three symmetrals
of its edges (see Figure 3 right). These 3f = 12 symmetrals are the lines of
the configuration BC with v+e+f = 4+6+4 = 14 points. The four v-points
and the 4 f -points have valence 3, the 6 e-points have valence 2. To increase
their valence, take 3 concentric copies of T and connect the triples of 2-valent
points by 6 radial lines from the center of T . Thus we get (14× 3) 3-valent
points and 12× 3 + 6 = 42 3-valent lines, hence a configuration Z ∈ T (423).
Many configurations may be obtained from the Pappus configuration (93).
Problem 3 To construct a Platonic configuration Z ∈ (n3) of points and
lines with the full symmetry group of the tetrahedron T , or octahedron O, or
icosahedron I. Do this by placing the copies of the same planar configuration
A on each of the faces of these solids.
Solution. Analysis. Since T , O and I have different valences of vertices
(3, 4 and 5, respectively), no vertex of the solid P can be included among
the points of Z (x = 0). Hence, to obtain a connected configuration X, the
“connecting points” (shared by at least two copies of A) should lie on the
edges of P . If we want that all the edges of P are included among the lines of
X (note that other options are possible, too), there should be 3 connecting
points on each edge (y = 3). We need at least 6 additional 3-valent points
in the interior of each face (z = 6). Now we just “connect the dots” in the
right ("symmetrical") way, and we find the Pappus configuration as a suitable
starting point for building our desired Platonic configuration!
Figure 4. Analysis: connecting the dots we find the Pappus configuration as
a possible starting configuration for our construction.
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Synthesis. Draw on each face of P a copy of the Pappus configuration
A = (93) in the 3-fold rotational symmetry form. The lines of these copies of
A intersect each edge of P in 3 points. Include the lines through the edges of
P among the lines of configuration X. Exclude the vertices of P and the 3
“projecting ” points of each copy from the points of X (as in Figure 5 right).
Figure 5. Synthesis: starting with the Pappus configuration A = (93)
placed on each face of P we get a Platonic configuration.
On each face there are z = 6 interior points of valence 3, on each edge
there are y = 3 points of valence 3. So (directly or by Proposition 1) we get
6f +3e = 4e+ 3e = 7e points of valence 3, and 9f + e = 6e+ e = 7e lines of
valence 3, and the obtained Platonic configuration is balanced (7e3) = (
21f
2
).
The same construction works for any solid P such that all of its faces are
equilateral triangles, hence 3f = 2e.
Very often a solution of one problem leads to a solution of another prob-
lem, yet some modifications in the construction are needed. The Pappus
configuration lies in the background of the following construction, too.
Example 2 To construct a Platonic configuration Z ∈ D3 divide each pen-
tagonal face of a dodecahedron into 5 congruent triangles and draw into
each triangle the same configuration as in Figure 5. The obtained config-
uration has (6 + 3) × (5 × f) = 9 × 60 = 540 3-valent points in the inte-
riors of faces of D and 3 × e = 90 3-valent points on the edges of D, and
(9 + 5)× f + e = 540 + 60 + 30 = 630 3-valent lines. Thus we get a (6303)
configuration Z ∈ D3 with the full symmetry group of the dodecahedron.
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Figure 6. "Connecting the dots" in the triangulated pentagonal faces of D;
as a result we obtain a configuration Z ∈ D(6303).
Problem 4 To construct a Platonic configuration Z ∈ D3,R with the rota-
tional symmetry group SymR(D) of the dodecahedron.
Solution. Draw on each face of D the configuration (153151, 203) as in
Figure 7; include the edges of D among the lines of configuration, exclude
the vertices of D from the points of the configuration. Thus we get a config-
uration with 12× 15 + 30× 3 = 270 3-valent points and 12× 20 + 30 = 270
3-valent lines, hence a (2703 configuration. The same result we get using
Proposition 1, using the fact that x = 0, y = 3, z = 20 and dodecahedral
formula for points 20x + 30y + 12z. Note that on each edge the position of
three points remains the same if the edge is reflected about its middle point.
Figure 7. Placing the copies of (153151, 203) to each face raises the valences
of 1-valent points to 2; adding the edges of D raises them to 3.
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Problem 5 To construct examples of Platonic configurations Z ∈ C(p3, n4)
and Z ∈ C(n4) with the full symmetry of the cube.
Solution. We have already mentioned the Grey configuration (273), rep-
resented as a cubic C3 configuration with the full symmetry group of the
cube (see [8], pp. 252–254). Similarly, subdivide each face of two "concentric
cubes" into a square grid with 4×4×4 points. You have 2×(8+12×2) = 64
3-valent points (in the vertices and on the edges) and 2×6×4 = 48 2-valent
points (in the interiors of faces). You have 2 × 3 × 12 = 72 4-valent lines
parallel with one of the faces. Add to them 24/2 = 12 "antipodal lines"
(each of them connecting 2 "antipodal pairs" of 2-valent points) and you get
a configuration with 64+48 = 112 3-valent points and 72+12 = 84 4-valent
points, thus a (1123, 844) configuration B. To obtain from it a (n4) config-
uration with the full symmetry group of the cube, place 3 × 4 copies of B
around the origin of the Cartesian coordinate system in E3 in such a way
that they form a "centrally symmetric" pattern and that the coordinate lines
go through the centers of two opposite faces of each cube. Add 3×112 = 336
"antipodal lines". Now you have a configuration with 12 × 112 = 1344 4-
valent points and 12 × 84 + 336 = 1008 + 336 = 1344 4-valent lines, thus
a (13444) configuration with the full symmetry group of the cube. Similar
iterative constructions produce C(nk) configurations for all even k ≥ 2.
Problem 6 To construct a Platonic configuration Z ∈ C3,R of points and
lines with the symmetry group of the rotations of the cube C.
Solution. Place on each face of the cube a copy of A = (431241, 63)
and identify 1-valent points with the 8 vertices of the cube. We obtain a
configuration B = ((8 + 24)362, 363). Adding the central point of the cube
and 3 lines connecting the antipodal 2-valent points of B we get X = (393).
Figure 8. Platonic configuration (393) with rotational symmetry of the
cube.
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Problem 7 For P ∈ {T, O, I} construct Z ∈ P3,R. Construct also Z ∈ P3,R
for P ∈ {C, D}.
Solution. Place the copies of the same configuration A = (9391, 123) ∈
Cyc3 (Figure 9) on each of the triangular faces of P (v, e, f, d, m) ∈ {T, O, I},
so that the 1-valent point lie on the edges of P , which are included among
the lines of configuration. The points on each edge must be equidistant and
the middle one must be the center of the edge. We get 3-valent Platonic
configurations with p = 9f +3e points and n = 12f + e lines. Since 3f = 2e,
we have p = 6e + 3e = 9e and n = 8e + e = 9e. Thus we get configurations
(363) ∈ T3,R, (1083) ∈ O3,R, and (2703) ∈ I3,R.
Triangulating the faces of the cube and dodecahedron and placing the
same A (as in Figure 9) into each of these triangles we obtain 3-valent config-
urations with rotational symmetry of the cube and the dodecahedron. In the
case of the cube (in which 4f = 2e) the number of points is p = 48×f +3e =
24e+3e = 27×12 = 324 and the number of lines is 52×f+e = 26e+e = 324.
Hence we have (3243) ∈ C3,R. In the case of the dodecahedron (in which
5f = 2e) we have p = 60f + 3e = 24e + 3e = 27e = 810 points and
n = 65f + e = 26e + e = 27e = 810 lines. Hence we have (8103) ∈ C3,R.
Figure 9. A configuration A = (9391, 123) ∈ Cyc3
Remark 3 Similarly, we easily find examples of Platonic configurations PR(p3, nk)
with rotational symmetry of the chosen Platonic solid P for any k ≥ 3 (we
just add k − 3 concentric triangles and 3(k − 3) lines to the pattern of A).
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Examples of Platonic (n4) configurations may be found by the three-step
pattern A → B → Z from Algorithm 1: starting with some configuration
A we construct a Platonic configuration B = (a4b3, c4); if it is not balanced,
we use the method of connecting antipodal points of valence 3 in concentric
copies of B to increase their valence to 4. In many cases we can take for
A the Pappus configuration A = (93), or some other configuration obtained
from it by some small modification.
Problem 8 To construct a Platonic configuration Z ∈ O4 with the full sym-
metry group of the octahedron.
Solution. Place the copy of A = (316273, 94) on each of the faces of the oc-
tahedron in such a way, that their 1-valent points coincide with the vertices of
the faces (see Figure 10) to obtain B = (304563, 724) with 2e+v = 24+6 = 30
4-valent points and 7 × f = 56 3-valent points and 9f = 72 4-valent lines.
Now take two concentric copies of B and connect antipodal points of valence
3 with 4-valent lines. Now all the points and lines have valence 4. The
number of lines is 72 × 2 + 56
2
= 144 + 28 = 172. The number of points is
2× 86 = 172. So we have a (1724) configuration.
Figure 10. Construction of a 1-layer Platonic configuration on octahedron
with 4-valent points in the vertices and 3-valent points in the interiors of
faces.
Another solution. Place the copies of A = (15331, 124) on each of the 8
faces of the octahedron and identify the 1-valent points of A with the vertices
(Figure 11). Now these 1-valent points produce 6 4-valent points, and we
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have a configuration (641203, 964). To get a balanced (n4) configuration,
take two concentric copies of the octahedron, and connect 60 antipodal pairs
of 3-valent points with 60-valent lines. Thus we get a (2524) configuration.
Figure 11. Placing 1-valent points into 4-valent vertices of the octahedron.
Problem 9 To find ((23f)4) configurations in the classes T4, O4 and I4.
Solution. Place a copy of A = (10362, 94) on each face of T, O or I in
such a way that the 2-valent vertices are on the edges to get a connected
configuration B = ((2e)4(10f)3, (9f)4) (see Figure 12) having ten 3-valent
points on each face and two 4-valent points on each edge. Hence the number
of points of B is 10f + 2e and the number of lines of B is 9f . To get a
balanced configuration C, take two concentric copies of B and connect 3-
valent points with 10f
2
= 5f 4-valent lines passing through the center of B.
Now all points in C are 4-valent and their number is p = 20f + 4e = 23f ;
the number of lines in C is n = 18f + 5f = 23f .
Figure 12. Face of a (n4) = ((23f)4) configuration on tetrahedron,
octahedron or icosahedron.
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Remark 4 It is obvious how these solutions may be generalised to obtain
examples of Platonic configurations with the full symmetry group of the cube
and the dodecahedron (use the barycentric subdivision of square and pentag-
onal faces into 4 or 5 triangles and continue as in Example 2).
It is equally obvious that Platonic configurations with the rotational sym-
metry of any Platonic solid can be obtained by exactly the same procedure,
but starting from the configuration A = (163122, 214), shown in Figure 13
left. Note, however, that the configuration A′ = (243122, 274) in Figure 13
right produces a spatial "Platonic" configuration only if its copies are placed
on the triangular faces of the octahedron (and not on tetrahedron or icosahe-
dron), since any two adjacent faces must be (because of the non-symmetrical
arrangement of points along the edges) the mirror images of each other! Con-
sequently the symmetry group of this configuration B = O(484) is smaller
both from Sym(O) and from SymR(O), therefore the obtained configuration
is not Platonic (see Definition 1). However, the same configuration A′ placed
on the triangulated faces of the cube produces a Platonic configuration with
the full symmetry group of a cube.
Figure 13. Left: the configuration A = (163122, 214) with 3-fold rotational
symmetry (left) produces an octahedral 1-layer Platonic configuration
B ∈ OR(484963, 1684). Right: the configuration A′ = (243122, 274) produces
a 1-layer Platonic configuration B′ with the full symmetry of a cube.
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Example 3 An example of (p3, n5) configuration is shown in Figure 14.
Here the Pappus configuration is useful again. We exclude the edges. The
points on vertices have now valence 4. Now we use radial projection with 5
concentric solids to raise the valence of interior points to 4, too, and we get
a (p4, n5) configuration.
Figure 14. Pappus configuration being useful once again.
The same trick can be used to obtain rotational symmetric Platonic con-
figurations, for example, from the configuration in the Figure 15 we can get
a tetrahedral 1-layer configuration with 4-valent points on edges, 3-valent
points in the interiors of faces and 5-valent lines. Using radial projection and
connecting 3-valent points in 5 copies of the tetrahedron we get a (p4, n5)
configuration.
Figure 15. A (p3, n5) configuration with 3-fold rotational symmetry.
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Another interesting theme is shown in Example 4. Note how the variations
of valences in edge points opens new possibilities in constructing Platonic
configurations.
Example 4 Place the copies of the configuration A = (12362, 123) with 3-fold
rotational symmetry (Figure 16) on each of the (triangulated) faces of any
Platonic solid P = (v, e, f, d, m) to get a Platonic 3-configuration Z ∈ PR.
The 3-valent "edge points" have valence 2 in one triangle and valence 1 in
the adjacent triangle. If P ∈ {T, O, I} then y ∈ PR(2e + 12f)3, (15f)3);
thus we get configurations Y in classes TR(603), O(1203) and I(3003). If
P = C then Z ∈ CR((2e + 2mf + 12mf)3, 15mf) = (3603). If P = D then
Z ∈ DR((2e + 2mf + 12mf)3, (15mf)3) = DR(9003).
Figure 16. Two-valent and one-valent vertices of A on the edges may
produce 3-valent vertices in P .
We just briefly mention another important construction; using the axes
through the vertices (of degree m ∈ {3, 4, 5}) of the chosen Platonic solid
P (see Figure 17) as the "meeting places" of 1-valent points we may obtain
examples of "spider-web configurations".
Example 5 Take any two "adjacent" axes. Place in the plane spanned by
these axes a copy of symmetric configuration A with m-valent lines, and with
m-valent points and 1-valent points; placing the 1-valent points on the axes
these points become m-valent and we get a balanced (nm) configuration.
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Figure 17. Using the 3-fold axes of tetrahedron as "linking places" to
construct Platonic configuration (243)
Using such a "spider-web" construction we can obtain examples of (n5) con-
figurations with full symmetry group of icosahedron. We start with a planar
(n5) configuration A with dihedral symmetry (whose existence is guaranteed
by [2]) and "split" two 5-valent points in every copy of A into 5 1-valent
points (similarly as we replaced in the solution of Problem 3 some 3-valent
points of the Pappus configuration with 3 1-valent points). Now we place
these 1-valent points on the pair of axes going through the adjacent vertices
of the icosahedron; thus their valence is increased to 5. We do this for all
pairs of adjacent axes. We include these axes among the 5-valent lines of
configuration. Now all the lines and all the points have valence 5, and the
obtained spider-web configuration is balanced.
The last example illustrates the concept of a "helical" configuration. This
construction works for any Platonic solid P and produces a balanced 3-
configuration with the full symmetry group of P .
Example 6 Take a Platonic solid P . If the degree of its vertices d is bigger
than 3, truncate P in each vertex; so you obtain the solid P ′ with 3-valent
vertices. Place a copy of the planar configuration A = (1361, 33) on each edge
of P ′ so that the 3-valent point is in the center of the edge. All the 1-valent
points must be turned into 3-valent points. This is obtained by connecting
them to two other points around the chosen vertex and adding three new 3-
valent points around each vertex, as it is shown in Figure 18. So we see that
the whole configuration is made of copies of A – each one is glued to two
other such copies.
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Figure 18. Construction of a helical configuration n3 from the skeleton of
any solid with 3-valent vertices.
4 Conclusion and open problems
In this paper we proved the existence of Platonic configurations of points and
lines for most of the cases of Problem 1. We did this by constructing concrete
examples rather than trying to develop a theory of Platonic configurations.
In particular:
• for all the Platonic solids P we were able to find 1-layer Platonic con-
figurations (n3) (see Problems 3, 4, 7 and Examples 2, 4)
• the examples of (n4) cases we constructed as 2-layer or 4-layer config-
urations (Problems 8,9)
• the examples of (n5) configurations may be constructed using the axes
as "meting places" of 1-valent points (as in Example 5, where we used
this trick for construction of a tetrahedral (n3) configuration).
The key ingredients of the solution (of Problem 1) are:
1) systematic progress from k = 3 to k = 4 to k = 5;
2) observing that the solutions of some cases (subproblems of Problem 1)
may be obtained by the same procedure;
3) observing how the differences in the parameters d and m of Platonic
solids reflect in variations of the general procedure (given in Algorithm 1);
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4) using some known tricks and methods, e.g. from the Grünbaum’s "in-
cidence calculus" (e.g. "parallel shift", "radial projection" etc.);
5) using the vertices, edges, face centers and axes of solids as "meeting
places" where we link together two or more copies of the same configuration;
6) using triangular grid to construct examples of (symmetrical) planar
configurations of the desired class (pq, nk), especially with 3-valent lines (us-
ing either the greed on computer screen or the paper grid and coins turns
the search for configurations into an interesting game!);
7) using GeoGebra to draw examples of configurations.
Our methods allow to produce many more Platonic configurations (pq, nk).
Our main construction of highly symmetrical configurations, based on the
idea of placing identical copies of some configuration along each of the faces
of the chosen Platonic solid, may be viewed as a natural generalization of
the constructions of planar configurations with a cyclical or dihedral group of
symmetries, starting from a regular polygon, explored by several authors (as
explained in [7]). Likewise, the idea to use smaller planar configurations to
construct other planar configurations may be found e.g. in the papers [2, 3].
Constructions of configurations from identical copies of smaller configurations
may be found also in the incidence calculus of Grünbaum [7, 8].
We just mention that some Platonic configurations may be formed also
directly from the vertices and edges of various uniform polyhedra. For ex-
ample, the vertices and edges of the uniform polyhedron, called Great cu-
bicuboctahedron, form a (n4) configuration. Platonic configurations may be
obtained also from compounds (compound bodies) and from stellations of
some polyhedra. This theme will be explored in another paper.
Future work on Platonic configurations may be focused also on:
• finding their Levi graphs
• finding other examples of spider-web and helical configurations
• finding examples of Platonic configurations with some points on (the
intersection of) their diagonals
• finding minimal (with minimal number of points) configurations of a
given class (P (pq, nk).
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The purpose of the rest of the paper is to show that the concept of Platonic
configurations is not limited to configurations of points of lines. It is not
difficult to obtain examples of connected Platonic configurations whose blocks
are spheres or circles or ellipses (instead of lines).
Example 7 Take a cube. Each of its 8 vertices vi is the top of the pyramid
whose base is an equilateral triangle whose vertices are adjacent to vi in the
cube. Thus we get a configuration (84) of 8 points and 8 pyramids whose
symmetry group is isomorphic to the full symmetry group of the cube. Each
pyramid may be, of course, represented also by a circumscribed sphere.
An identical procedure of “truncating” pyramids at each vertex and taking
them as “blocks” of configurations may be applied to other solids:
Proposition 2 For each of the five Platonic solids and each of the 75 uni-
form polyhedra with parameters P (v, e, f, m, n) there is a polyhedral configu-
ration (vd) of points and spheres, whose symmetry group Sym(C) is isomor-
phic to the symmetry group of P .
Proof. Take a Platonic solid or a uniform polyhedron P = P (v, e, f, m, n).
Choose any of its vertices vi as the top of a pyramid whose other m base
vertices are adjacent to vi in P . To each pyramid corresponds a sphere with
the center in vi, passing through the vertices adjacent to vi. The symmetry
group Sym(C) of the obtained configuration of v points and v spheres is
isomorphic to the full symmetry group of P , by the construction. 
Example 8 Take the icosahedron I = P (12, 30, 20, 5, 3) and truncate from it
two antipodal pyramids to get a pentagonal antiprism incident with 10 vertices
of P . This antiprism may be circumscribed a sphere; take this sphere as one
of the v
2
= 6 identical blocks of a configuration C. Since each of the 6 blocks
is incident with 10 vertices – points of the configuration C – each of the
12 vertices must be (by symmetry) incident with 6×10
12
blocks and we get a
configuration (125, 610) of 12 points and 6 spheres.
Acknowledgement. The authors appreciate the possibility to apply in their
work on configurations the software GeoGebra http://www.geogebra.org.
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